Inter-sub-symbol interference (ISSI) refers to the interference that independently affects each group of sub-symbols transmitted on the same sub-carrier in generalized frequency division multiplexing (GFDM). In this letter, we derive a model to describe ISSI when transmission takes place over a frequency selective channel. The proposed model, which is derived by exploiting the discrete Gabor transform structure of GFDM, allows for the exact computation of the channel impulse response associated with each sub-carrier. Minimum mean-squared error and maximum likelihood receiver are considered as examples of the two different detection strategies based on the proposed modeling, together with the evaluation of their complexity. Simulation results demonstrate the improvement in the symbol error rate performance compared to another approach recently proposed in the literature that does not take into account the effect of ISSI.
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I. INTRODUCTION
I N EXISTING fourth generation (4G) cellular systems and in, almost ready, to be launched fifth generation (5G) wireless networks, orthogonal frequency division multiplexing (OFDM), based on discrete Fourier transform (DFT), is applied across the entire system bandwidth using a fixed set of waveform parameters [1] . A main issue of such a design is the lack of flexibility to support mixed services with different waveform parameters within one carrier, which is a key requirement of future cellular networks [2] .
The look for new waveforms that are able to support variable and customizable pulse shaping filters is one of the research priorities. With this aim, generalized frequency division multiplexing (GFDM), which is based on the use of circular filtering at sub-carrier level, was proposed as modulation scheme [2] , [3] . Compared to OFDM, the main advantages of GFDM are a reduction of the out-of-band (OOB) emission, achieved by means of filtering at sub-carrier level [3] - [5] , and an increase of the spectral efficiency, obtained through the introduction of tail biting, which makes the length of the cyclic prefix (CP) independent from that of pulse shaping filter [6] , [7] . Also, the flexible frame structure of GFDM allows, by changing the number of time slots and of sub-carriers in a frame, covering both conventional OFDM and DFT-spread OFDM (DFT-s-OFDM), which results in full backward compatibility with 5G [6] .
A main issue of GFDM compared to OFDM is the need of equalization, which is required even in the case of transmission over an ideal channel [3] . Equalization is required because most of the prototype filters used in GFDM make it a non orthogonal system, introducing intercarrier interference (ICI) and intersymbol interference (ISI). Therefore, the removal of ICI and ISI requires additional processing compared to OFDM, which finally increases the complexity of the receiver [4] . For this reason, the use of prototype filters such as the Dirichlet pulse, which are both ICI-and ISI-free and that can be easily applied in GFDM with low complexity and low latency, has recently attracted increasing interest [8] . The use of these filters allows for an efficient implementation of the GFDM receiver by exploiting a relationship between the GFDM signal and the discrete Gabor transform (DGT) [9] . In fact, it was shown in [9] that GFDM transmission and reception are equivalent to a finite discrete Gabor expansion and DGT in critical sampling, respectively. The Dirichlet pulse shaping filter is extensively used to evaluate the performance of GFDM systems in terms of error rate and OOB emission [10] , [11] .
The Gabor interpretation allows for an efficient computation of the zero-forcing (ZF) and minimum mean-squared error (MMSE) receivers without resorting to matrix inversion. In particular, an optimal symbol-by-symbol detector can be used after the DGT-based receiver when transmission takes place over an ideal channel [12] . An equivalent interpretation of the DGT receiver was given in [13] , which allows for signal recovery in frequency-domain with complexity lower than in time-domain.
However, it is worth observing that in case of transmission over a non-ideal channel the DGT interpretation with critical sampling looses its validity. In this case, the effect of the channel must be taken into account in the frequency-domain equalization of the whole GFDM symbol. This was considered in [13] , where it was shown that the performance of the proposed low-complexity approach for GFDM in the DGT setting is close to that of OFDM only when the number of sub-symbols transmitted on each sub-carrier is low. When this number increases a worst performance is observed compared to OFDM. This degradation in performance is due to the inter-sub-symbol interference (ISSI) that arises among the sub-symbols transmitted on the same sub-carrier. The effect of ISSI is not modeled in [13] , where an approximate maximum likelihood (ML) detector is proposed for deciding the transmitted symbols. Whereas, in this letter we propose an exact modeling of ISSI that allows for the computation of the exact channel impulse response on each sub-carrier, thus making easier the design of detection algorithms.
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II. GFDM SYSTEM MODEL
With reference to one GFDM symbol, the block of the transmitted bits is applied to the input of a modulator that gives at its output an M × K data matrix D whose N = M K elements take values from a complex constellation [7] . The data matrix D is sent to the GFDM modulator, based on K sub-carriers, where each sub-carrier is used to transmit M subsymbols. According to this model the data matrix D can be represented as the composition of K column vectors
where
being (·) T the transposition operation and X q (m) the mth sub-symbol, with m = 0, . . . , M − 1, transmitted on the qth sub-carrier, with q = 0, . . . , K − 1. The time-duration of each symbol vector X q is M T s , with sub-carrier spacing equal to 1/(M T s ), being T s the symbol interval on each sub-carrier.
The M sub-symbols of the qth group are up-sampled by a factor K and applied to the input of a periodic pulse shaping filter with N coefficients. After pulse shape filtering, the nth sample of the transmitted GFDM signal is written as
is the frequency-domain shifting and the cyclic time-domain translation of the discrete-time prototype impulse response g (n) of length N , with · N denoting the modulo N operation.
A. Transmission Over the Ideal Channel
In case of transmission over an ideal channel the model of the received signal is given by
where w(n) is the zero mean complex additive white Gaussian noise (AWGN) with variance σ 2 . In this case optimal detection can be easily implemented by exploiting the DGT structure of GFDM. In fact, as first observed in [9] , (3) can be interpreted as an inverse DGT (IDGT) having g q,m (n) as synthesis function. According to this interpretation, symbols X q (m) can be recovered from x(n) by applying DGT as
is a periodic discrete function with period N that is obtained from time and frequency shifts of an analysis window γ(n). Note that, the identity defined by (5) only holds when the synthesis function g(n) and the analysis function γ(n) satisfy the Wexler-Raz identity given in [13, eq. (11) ]. If this condition is not satisfied interference arises both from subsymbols transmitted on the same and on the other sub-carriers.
The optimal ML detection is obtained by computing the DGT of the received signal in (4) and applying the resulting sequence to a memoryless threshold detector.
B. Transmission Over the Frequency-Selective Channel
When transmission takes place over a frequency-selective channel, the effect of ISI introduced by the time spread of the channel can be mitigated by inserting a CP, of length N CP samples. The CP-extended signal is written as
We consider the L-path tapped delay line channel model of [14] with continuous-time impulse response defined by
where h i is the complex amplitude, i.e., tap coefficient, of the ith path associated with the delay τ i and δ (t) is the delta Dirac function. When L = 1 and h 0 = 1 we get the ideal channel. In the following, for simplicity, we consider τ i = i.
Considering the convolution betweenx(n) in (7) and the channel in (8), the received signal is modeled as
Under the assumption N CP ≥ L − 1, after removing the effect of the cyclic prefix and by replacing (3) in (9), we get
The DGT defined in (5) is applied to the received signal
where W q (m) is the DGT of the AWGN and
with Γ q and G q corresponding to the N -points DFT of γ(n) and g(n), respectively. In the special case i = 0, (12) converts into eq. (14) of [13] P kM (lK, 0) (13) which expresses the condition of biorthogonality between Γ q and G q in a way equivalent to the Wexler-Raz identity between γ(n) and g(n).
As a function satisfying the Wexler-Raz identity with critical sampling in what follows we consider the Dirichlet function, also referred as periodic sinc, which is characterized by a DFT that is a rectangular pulse
where · and · denote the nearest upper and lower integer, respectively. By using Dirichlet function it turns out that γ(n) = g(n). Also, as shown in the following, the Dirichelet function allows to implement parallel detection on a per sub-carrier basis, thus decreasing latency and complexity at the same time. By setting G k = G D k in (12) we get
where δ(k) denotes the Kronecher delta. By substituting (15) in (11), after some mathematical manipulation, we get
where the even property of Dirichlet function has been used. Equation (16) demonstrates that when the Dirichlet function is chosen as impulse response for the analysis and synthesis filters, the interference is due only to sub-symbols transmitted on the same sub-carrier while those transmitted on other sub-carriers are irrelevant. As mentioned above, this allows to implement detection in each sub-carrier and, therefore, reduces the overall complexity of the receiver. The "windowed" channel in (16) is given bȳ
where b n−mN corresponds to a shifting of m samples of the periodic function b n = sin (πn/K) sin (πn/N ) , n= 0, . . . , N − 1,
and
As it can be clearly observed, (17) is the DFT of the product of two discrete time periodic functions. Therefore, it can be rewritten as the periodic convolution of period N of the DFTs of the two functions as
where H q is the DFT of the zero-padded channel in (19) and
N is the DFT of the shifted windowing function, with B q = G D q . Since G D k given in (14) is a rectangle of width M centered in 0, it turns out that (20) implements M moving averages with weights that are defined by the values assumed by the complex exponential at different values of m.
After some straightforward mathematical manipulations, (11) can be rewritten as
Interference induced by sub-symbols transmitted on the qth sub-carrier other than Xq(m)
where it appears that the mth sub-symbol transmitted on the qth sub-carrier X q (m) is • scaled by the termH qM (0); • impaired by the interference generated by the lth sub-symbol transmitted on the same sub-carrier through the termH qM (l − m)K, l = m; • distorted by the AWGN term W q (m). Remark: To confirm the flexibility of the GFDM system from eq. (16), the two extreme cases of GFDM system are:
• OFDM, for M = 1, where each sub-carrier is used to transmit only one symbol and K = N . We get the conventional OFDM where P k (0, i) = δ k , ∀i. • DFT-s-OFDM, for N = M , that corresponds to single-carrier transmission where P 0 (l, i) = δ N (i − l), ∀l, i, which is periodic Kronecher delta with period N .
III. PER SUB-CARRIER DETECTION
From the model defined in (21) it is possible to define the received signal vector
where W q = [W q (0), W q (1), . . . , W q (M − 1)] T is the vector of noise samples and (23), as shown at the bottom of this page, is the "windowed" channel matrix. The model given in (22) constitutes the basis on which to build detection algorithms for the M sub-symbols transmitted on the qth sub-carrier, i.e., on a per-sub-carrier basis.
In order to take a decision on the transmitted symbols we consider two possible approaches: 
The weighting matrix C qM is designed according to the MMSE criterion as
• Block of Symbols Detection, where a decision is simultaneously taken for the block of M symbols transmitted on the same sub-carrier by applying ML principlê
with X taking values in the set that contains all the possible X M transmitted vectors, with X being the cardinality of the alphabet of the used constellation. Among detection algorithms, ML is the optimal one in terms of minimizing the probability of error [12] . With ML the optimal detection is achieved by means of an exhaustive search over all the combinations of symbols. Although the complexity of ML is quite high, being it proportional to X M , it can be considered as a reference against which to compare the performance of any sub-optimal algorithm.
IV. COMPUTATIONAL COMPLEXITY
In this section we only discuss the complexity of the ML approach described in the Sec. III and compare it with that of other approaches available in the literature. This is because, between the two considered detection approaches, ML is the most demanding in terms of number of complex operations, while the complexity of MMSE is well known being it among the most used schemes. The implementation complexity is evaluated by considering the number of complex multiplications required by each operation performed in the receiver as follows: Fig. 1 . SER versus Es/N 0 for the symbol-by-symbol detection scheme of [13] with different K and M in case of BPSK transmission over frequency selective Rayleigh fading channel with L = 9. Table I reports the complexity of different implementations of GFDM receivers, including the proposed ML. As it can be easily observed the proposed scheme has a lower complexity as compared to approx. ML proposed in [13] for smaller size of the constellation points. When we increase the constellation size the complexity grows exponentially due to the exhaustive search required to test all the combinations of M sub-symbols.
V. SIMULATION RESULTS
In this section we present Monte Carlo simulations to show the symbol error rate (SER) performance that can be achieved by using the proposed model. This allows for the design of several detection algorithms on a per-sub-carrier basis. Here, we consider symbol-by-symbol MMSE and block-symbol ML detection presented in Sec. III. Transmission takes place over the channel defined by (8) , where the tap coefficients h i , i = 0, 1, · · · , L−1, are modeled as independent and identically distributed zero mean complex random variables with average power σ 2 i = 1/L, uniform distributed phase in [0, 2π), and Rayleigh distributed amplitude. We consider quasi-static assumption where the channel's coefficients remain constant for the entire duration of each block. Figure 1 shows the SER achieved by the symbol-by-symbol detection method of [13] in case of transmission over a Rayleigh fading channel with L = 9 taps for BPSK modulation when N = 16 and N = 128 at different values of M . As it can be observed, there is a slight degradation in performance due to ISSI, whose effect is higher as M increases. This demonstrates the limits of the symbol-by-symbol method proposed in [13] , which does not rely on the knowledge of an exact model for the channel. In contrast, by relying on the system model proposed in this letter, the design of per-subcarrier detectors can be done on the basis of the exact channel, as defined by (20). Figure 2 reports the performance achieved by implementing the per-subcarrier ML detection in (26). We see that an increase of M leads to an improvement in SER performance, which confirms the capability of the proposed model in managing ISSI and taking into account the contribution of all the sub-symbols transmitted on the same sub-carrier.
The SER performance obtained for QPSK modulation is reported in Fig. 3 for K = 16 at different values of M .
Again a significant improvement in performance is observed in comparison to approx. ML symbol-by-symbol detection of [13] . For the same channel considered in Fig. 3, Fig. 4 shows the SER performance in case of 16-QAM modulation with per sub-carrier detection implemented by MMSE and ML receivers in Sec. III for K = 16 and different values of M . As it can be observed for the MMSE receiver there is a significant performance degradation compared to ML detection even if a proper model of ISSI is available.
VI. CONCLUSION
In this letter an exact model of ISSI that affects the sub-symbols transmitted on the same sub-carrier in GFDM systems is introduced. The model, which is obtained when Dirichlet pulse shaping filter is used, allows for designing detection algorithms, such as MMSE and ML, on a per sub-carrier basis. The advantage, in terms of SER performance compared to an existing frequency-domain approximated ML approach recently proposed, is demonstrated by considering transmission over a frequency selective channel, where the optimal ML receiver is designed by using the proposed model. It is worth noting that after deriving the exact system model for GFDM, the analytical evaluation of the average symbol error probability can be done by applying classical techniques to analyze performance in the presence of ISI and ICI as given, for example, in [15] .
